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The ieading idea in writing this paper rvas that rnost mathematical
_obJee_tN are determinedary thc.ir singularities in a rvay recalling ,oo""-o"
less the Krein-IVrilman Theorern. rnat- is merely r pn"ito.oplti"*i p;il; ;iview until the mathematical concept of a singularity'- is precised. We shallbe concerned here with the case ivhere a siigular"poit'i-is meant as anextreme point (in a generalized sense).

our paper the not,ion of an extreme point is associated to an ord.errelation of a speeial character, and the main-ploblem rvhich ;; il d";-lir;;
]Ir,tl,iitg decompo_se the gir,-en Banach spacd-E into smalier preces geome-trrcally determiled, particularly to represent the elements 6t a as" seriesof discrete elements. To diffeient orher relations correspond g;#;ily
differerrt notions of extrematity and thus we are able to'trring "ioguirr"""
notions such as 'f an extreme, point (in the classical sense), atcrin 1inBanach lattice theory) and eigeni-ector.

Our rnain resrrlt asserts that under reasonable restrictions if .4 is a
sclf-adjoint compact operator acting on a Banach space J then rrn-_  is acomplemented subspace having an unconditional l-inite dimensional de-composition (in the sense of tL/T 1l). see Theorem b.l and propositi;n t.4
belorv.

section 1 contains preliminai'ies on Alfsen-Effros type ord.er rela-
tions. Ther first tu'o exangplel go back to_[AE] but the systemi,tic stuaywas
started around the SB's by the author. See [Nf i_N5].

rn section 2 we introduce the notion of a facial cone (associated toan Alfssn-Effros type order relation) and ouiline an analogub of irt. pri"-
cipal ideal theorv.

, section _S,^devoted to -the concept of an extreme point (associatedto an Alfsen-Effros. tyrre order.reration) coltain* , co*'plute husc"iption
of the finite dimensional case. see Theorem 3.g belou'. tna.^t tneoiur" 6ffitogether classical results due to cauchy, caratheodory and yudin.

rn section 4 we show how to associate to any order relation of Alfsen-Djfjgg type o1- a- given Ban3,,ch spac_e _D a commutative C*-alsebra Z(nl
of L(Erp) (c-alled the centralizer)-and discuss up to what extent-a commultative Q*-s-ubalgebra of L(8, E) is necessarilyta centralizer. Based. on the
results in this section we can assert that our tireory of extremalit;. is 

".."o-tially commutative.
section 5 is devoted to the lpectralte-compo,sition of compact ope-

ratnrs-in Z(E). Our results cover cl-assical Hilber-Schmidt spectrai theor6m
and also all unconditional finite dimensional Aecompo,sifions that arise
in Banach space theory. Since the main ingredicnt in our proof is Z(-D)
(rather than an explicit 1z-order relation) one can reformulate all those
results directly in terms of cornmutative von Neumann algebras (and

REV. ROUMATNE MATH. p URES AppL. 34(1 98 g), 3, 247 _26I
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also of Bade cotnplcte Roolean algebras of projections)_. Ilowt'vt'r, due to
Theorern 4.ll belol', this is rnelcrl]' a qucstion of gtrstibus.

The aut,hol is rnuch indebtccl to Maria Joi{'a and l)an \rrrza for ma,ny
valuablt' srrggest it-rns and cril icisnt.

] 1. AI,FSIJN.EFTTROS TY['E O}IDI'IT RIiI,'TTIONS

Let l? be a Banach space over the field K (K is R or C).

1.1. DeJ',ini,ti,on. An order relat,ion ( orr E is said tg f" ot ,Llfsen-
Ef1 ros t alt e (ibbreriatecl, ( is an zlZ- order r elation), pt'ovitlt'd the follorving
cohditions are satisfied :

AE 1,) n <!l imPlies U - r <Y;
AE 2) n' <y irnplies an 4 a!/ for every a eK;
AE 3) 0 ( cr ( I inRimplies ar 4pn forcverl. neD;
AE 4) If rr ( !1, uz 4 llz and !/r 4 !/r -f yr then rt 4 t;t { n,

and r', i $z ,4Ut* !lz;

AE 5) r+E (2Y imPlies llrll < ilEll;

AE 6) rn 4y @eA) and fl nn-nll *0 impiy 3! <Y'

Clearlv, the clefinition above can b,e atlapted ^in 
aq evident manner

for locail-v cooo"^ spaces .with a specified "system of seufnorms. Also, gne

cari rephrasc conclifions.4-U1) - An01 abttvt' in telms of ootlirection
by lctting

n lly (i.e., r and" 11 an'a codirentional) if and onll if a 4 n I y'
An A.E - order 16'la{,ion is not cornpatitrle with t,he linear structure.

In fact, ,41?1) yields
( r for cvcrY u in ltr'

ErampLes:
, a) The l-d"imensional Banach space K admits only one -4-Il -order

relation-:'-""-i 
4"y if and. only if u: all for a suitable oc e [0,1"]'

' b) ff -H is a llilbert spacc and ,il is a commutatiYe von {c'3ma-nn
sutralg6bra of L(8,.8) then*we may consider on .H the following -4-E-ord-er
relatiotr

n 4*rl if anct only if r: Ay for a suitable Ae'dr 0^-< /' < 'I'
Here I aei6tns the identity ot 11. Iietails will be found in lN2l'

c) on each regularly orrlererl Banach space -D (in the sefnse of
,8. B.-ilarries [D]) 'tie cari consid.er the -A.D-order relation z n 4 o 17 if and-

orrly if eveiy order intervallw, 'ul of E containing 0 and g contains also r'
: ; " See 6if l for ctetails. For -E a Ba,nae,h lat,tice, n 4" g is equivalent
to lyl : lnl * ly - nl.
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d)_The follorying two examples make sense for every Banach spece
-E and they were first cr,nsidered-by Alfselr and Effros ;AEl 

r-----

r 4tlt if anrl onlr- i[ tjUJ:llrlr * lly - rll
fi 4v y if and oniy if overJi closed ball containing 0 and gr contains also r.

1.2 Definitioa. Given a Banach space -E endowed with an -4-E-orderrelation (, $'e "shall say that the norm_of zis ( 4-) ord,er continuous pr(>
vided every (-decreasing net (ro)" of ,elements of i? is norm convergbnt.

rf the norm of -D is (-continuous then every <-increasing (-ma-
jorized net of_elements of z is also norrn convergent. rn fact, i-i 1r";" is
such a net and r,4 y forevery a, then the net (i-r")* is <-decrerulirg.
The argument is as,follows: no4rs 4y impities"y -r{.4y an-d
o.s . uo ( r.B (gr, so by ADL) above we infer t]nat, y-ns 4'(y J *il+
f(rB-ro):!!-ro.

_For u,_r' e -E with u 4 u l.e define the ( (-) inlerunl of erbremibie.s
u and t' as the set

fu,ol:{r;reE, w 4u 4a}.

. _^ Dyery interval Llt ,l is convex and norm closed.. Use -4-84) and
.a-D6) above.-An immediate con.sequence is the fact that every clbcreasing
net' (a)" of elements of a Banach space .lvith an order continuous norm i"s
norrn convergent to (- inf a,.

For -E a Banach lattice and ( : (o, Definition 1.2 atrove agrees
with the classieal concept of order continuiiy as known in Banach lattice
theor.v. See lI-,T21, 7, or. lSJ, p. 92.

As'was noticed in lAEl, p-. 102 the norm of every Banach space is
(z-continuous. others examples come through tho following lesult.

1.3 Dini's Generalized Lemma (See lN3l). Suppose thnt, (r,)n is a
4-decreas'ing net of elements of E,ueaklg coioerging ti i. Thenii *"' l'i ll'-*0.

1.4 Conor,r-,tnv (Sec LI{31). Let E.lte a Banach sTtace enilowed, wi.th un
AE-order relation, < such that att 4-interuals fu, al of E are weakly compq,ct.
Then the norm of E is <-orcler continuous.

B,-v corollar.l' 1.4 we infer that the norm of eyery reflexive Banach
space -& is a order continuous whateve,r order relation ( we consrder on it.

2. FACIAL CONES

rn r'hat follo'w.s -D rvill denote a Banach space end.owed with an
/.E-orcler relation
_ I--'v tu cone of ? we shall mean every non-empty subset C of -O such

that .E : (,1 aC; C is said. to be proper (respectively conapn) provid.ed.
e>0

Cn(-C):{0} (respectively (C * C. C).By a ((.) faci,alcone of El
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we shall mean every convex cone C of D that satisfies the following two
conditions :

I,CI)n <y^nd,Y eCimPlY neC;
IC 2) u llg fot eYery r and E in C.

x\or ( _ 4n we retrieve the classical notion of a facial cone. See

[AE], page 106.
'--'h'.-fr-C2) and anti-symmetry of ( we infer that every facial cone is

n"on" 
""h 

n e D belongs to a facial cone, e'g' to

C(n) : {g ;E.8, 1 u 2 Ot'U > e n}

o(r) is the smallest facial cone containing r and thus the Jaci'al cone gene-

rated by e'.

T{re intersection of a facial cone of -U with the unit sPhere S of -E

will be call ed. a face (of the unit ball K of E); in this setting the face gene-

rated by an r e S u'ill be

factr [r] : C(r) n S'

A facial cone may not be closed, e'g'' see the case whele E L 't9r1 ]
( : (o and C:-Ztrl; i" ttris ' p"aiticular, case A : E*' T'"'
*ilu,fr pio"" iater that toi tlirite dimensio'nal Banach spaces all cones C(r,

are closedL

,"*puJ* 
"o*p"rrnf" 

*itn tnrt in Banaci lattice theory. tr'or, 'we need- an

cbiervation,*important also for itself'
To'any "o"""",p"op"" 

cone-C of a vector space 'E we can associate

a' orJ"ring on D coripalible with the linear stmcture

n < E (mo{ C) if and onlY if Y - neC'

2.2 Lnruna . If E i,s endweil with an Affsen-Effros tupe.order relation

< ""i-i ;;i A n i t*o elements of E then the Jollowi'ng assert'ions are eqlr'x-

ralent:

iln'o"!L 
", 

(mod c) for a suitabl,e' faciat cone c contaiining y;
iii) 0 <r (3r (mod C) for eaery faniat' cone C containing y '

Proof. c) + i'ii)' II, { 5 E ?\d C is a facial cone containilg E then

n. a - nZ C'because C is hereditarY'
ClearIY, iii) + i'i).

ii) + i). By h-vpotheses, ?.a3d U - n are in C' tsy IC2)' n lltl - n

and thus r < ll :,r * (Y - n)l l- -
Tke prdncipol'tiloi'g"outi't"-a ny 31 element n of E is defined' as

the set -D.,': Spin C(r)' The real part of Ei,

ii : t:i, frq,D,:C(a)-A@)

will be ij*rdowed with the ordering associated to C(n) antl t'he norm'

llyll' : inf {c 1 a 2 0r3 u 4 an, u 4 ctn, y:u-t}'



!]X'II'JNSION OF IiILBERT.SC}IMIDT :I}{EOREM 25r

l$e fact that ll Ull":0 implies,.rT :0 can be proved as follows : T_tet w*,
a" e C(,x) with y : ,ttro,:,t'r and u,nr,Dr 4 rln fbr ever;' z eN* ny AESj,
llu*ll, llt.ll < llillln,so bylettingn,--+ oowe,conclude th"at U : 0.. i

2.3
oalent: ,

Ir, lt , i iI:EMMr\. Fu, U e E, and a. ) O the follnu:ing a,sse.rtions are eqwd-

i) A :u - 11, where il,, t { 4:1:1

id) -a r ( y < cr r (mod C(e));

i,ii)u*ar42ar.
lhe proof is obvious.

- _From Tiemma 2.3. and AEE) we infer that the canonical inclusion
i,o z Qa fr* -+ n is continuous and ll rl" ll < ll r ll

2-4 r:ElIMA. fre E, iis an orctereit Banach spaae wi,tlt, a strong order
unit (that is n).

. Pro9,f. W^e have to prove -onl,v the completeness of g\e 8,. Ifor,
let (U")" b^o a Cauchl' sequencg in Qo .U,. Sinc6 i, is continuous, (y")"
is also a cauchl' sequencc in z and thus there exists a u e E sucir ihii
llU,*g ll *tt. On the other hand for each e )0 there eiists an -lI such
that

li!l^ - !l,ll, <e for ever)' tn, n )- A'
i.e.,

:e r_4'11,, - lln { Q, r mcltl C(u)for every m, n > N.
IJsc Iremma 2.3. above.. Ry letting m --+ @ *e infer that

_-e.f <3/-ll3 (.f god C(r) for every n> N which yields
U e E, and ll lt - y") li.. -- o.l

The. follorving proposition combines classical rcsults due to Kadison,
,Kakutani and I(r.ein.

2.5 h,oposrrroN. -t) Qt E, is algebraic isometric amil,ord,er iaomorphi,e
to.a space -4 (7{, n) o,f ryl]. continwuts a,ffine real fnr,nctions define,it, on; the
w' - lgm?act conaen set I{ qf all st&tes of fro fl,,.

ii) Suptpose in, add,iti,on that

. 7) eith,er.fre E, ,is endowed utttlt, a bilinear muttiptication, for whi,clr,u is an, identi,ty ond 
,,

Ut z€fra E,ry ) O anil z >- O ittr,ply yz 2 Ol or,
I,

2)_flc E, i! a oeetor lattice with respect to the orilering moil, C(r).
rhen 4c E, is u conrmuntiue Baiaett, a,r,qebra itqtuiot" isiiiirt" o"a

ord,erisomorphic to a space c (s, n), roherets denoies the set "f itt p"it
sta,tes of fr2. 8".

. lloof--trior i), see [Kad2] : di ty follows from [Kad L]i while ii 2)
needs the classical reprcscntation theore,m of -cjlf-spaces due'to Kakutani
and Krein. !
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3. EXINEME POINTS

Let E be a Bana'ch space endowed with an aD-order relation (.
S'e shall denote by ;r the uiit batt of D and by B its unit sphere.

3.1 Dejinition. a norm l element n of E will be called (<') an-

tre n alfor' -K'provicted C(r) : R*' r.

rn terms of faces, an extreme point is precisely a norm 1 vector r
sueh that

face {n}: {r}.

since K is the only subset of -E wh$e extreme points are investi-
gaf ,tl,lne-ihall dtncle by EIE(or-Ex u Z) -tle subset ,of all extreme

i;ji,ii e{-1he un;t tatt ot -U. ltt order to avoid sub-scripts, we shall use

it.1a1itn lihe Exr E in care 4 :41.

3.2 I., rrlva . Iet H be o Hilbert sptace and 'il the \on Nzuma?":P'
at1,,Lri-,,J- Ltn, H)Tiniat(d Ly a s.etf'idjoint ope.rator A e L(H, H)' Then

Ii*. t 
'1, 

ntttr't ,'f itt narmaliitd eiginreetors of A'

Pt ca|. let teExr -8. Because 0 ( 1-:'{* ( ll-4 ll ' / and A-'
A* e A it follolvs that

A* a, A-a <n ll All' a

antl thus Als: A*D - A-ts: ao 
-for 

a suitable a eR'
Conversely,leb Aa = ao with ll.oll:1.and a,e R, Then f(A)'a,:

: / (o) ;' t"r , i i'tf y e C (-o(-4)) i.e., tr is an eigenvector.for eveflr operator

in iti"'C*-algt Atu"'i*tA, f]'gl'ireraied by -4 and -I. Since 'il is t}l.e wo-

;1.;; ;f CF{i: rt, rftiti tde-same-is true for,eYerv operator in' "il ' Conse-

.rri"ify ; <; rj i#pfi* i: i-, for a suitante I jO i.e.,a e Exr-g. I
The notioq of an extreme point is very closed to that of a discrete

element.

S.SDefinition.Bya(4-)d'iscreteelementofEweshallmeanany
ekment s of E such that

a, r 4 r and C(u) n Cp:) : {0} imply either u ot 1) is null'

C)tarly,€\(1)'eltrntntofExDisdiscrete.Converselyeverynor-
maljztd diicit.le elrment is also an extttme point. Before i116lg2ting the

dr1ails., q e'ih all r ol ir r rn jl} cut pr cof the pa,rticular case of Banach lattices :

3.4 PnorosrucN. Jei D be a Banach' httice'
i,J An element n oJ E is 4" iliscrete if anit only if it is an atom i.e.,

u;,o, * lnl anil u Aa = O i'rnpty u or Q is null'
ii) I,x"D coincides witi ine set of au nmmalizeil atomsi:of E.
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Consequently, in the real oase,

F.x', c, - @ Ex, ,o:{*( g^r)*) meNr}
ExI, C 10,11 : {+1} Ex, cl0,1l :0
Ex1 LzlO,Ll : {u; n e Lzlo,tl, ll r ll : 1}

w-e shau prove rhar in general every ""r*,,,:;t?,1i;l "lemenri-s an extreme point. our argument is essentially finite dimensional and
depencls upon an analogue of the orthogonal clelomposition.

S.5 LnllrMA. Let E be a finite dimmsi,emal Banach sgta,ce
with an AE-order relation < aia kt u e E, n I 0.

Then the cone C_(n) is closed anit for eaery e e E there euist
u and a in lO, ef w,ch that

endoweil

eIgnxamts

e:u+a
ueC(t:) anil C(u)n C(r) :{0}.

-ProoJ. we shall show first that the conc c(,r) is closed. T'or, let
(9")"be a sequence of elernents of C(n) such that lly:,- y ll * 0 in -8. Then

!1,,4 tl !,ll*.,n for every z e N*.

Since Oip 4 ( @r the canonical inclusion i,: E, * -D is an isomorphism
into and th3. g e E, gnd,-llU" - Ulz - 0. Put,Jlf : supll E,ll,.By -+nS1
and AE 6) above we infer t}rat y 4- Mu i.e., y e C (n).

As coneerns the. decomposition par,t, consicler the sel A": {zi
z_e C 1q'1, z 4 e1t; o e ^4" an,J A" js inclucliveiy ordered by <. f; fa;t:
the order interval 10, e] is compact ancl thus every increasing nct of elei
rnents of l-9r a] i^s norrn convergent to its Ltr.b. By zorn's -r-.,emma, 

-4umust contain at least one maximal element, lay 2,.- rt r,emains to piove
t'hat' a: e - a satisfies c(a)^n c (n):_{tt}. rn fact, if the contrdry is
true tlrc'n it would exist a z e C (n) such thir,t z + A and a < o. Since

z <e-u
u<u
e - ullu,

hy AE 4) it follows that z + u < e anrl rr 4 zf z. Since C(r) js convex.
z^+. u .S!*) anfl.this fact contradicts the maximality of a. ionsequenily
C(a)n C(c):{0}. I

3.6 Lernma. Let E be a finite ilim.ensionol Bananh space end,oweil
uil,h an A&-order relation, 4. 'Ilien, Ex "E corwi,sts preci,sely o! 6,ll normatiad
d,iser eta elements 'oI E,
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Proof . Supposc that c is a norrnalized discrete element of -E and
af ExI Thctr thelc exists zrl;r,e Z such that er(c and rt:dR+'c.Put

. d - sup []' i )"t 4 ;:r11 .

'Ihen r - oe * 0 and C (r-aa) flR+'e: {0}. In frlct, it pe (
(tr(er- aa) rvith p,).e ltf t;hen (pf lcr)e( trri.e., (pil * a)e (r, in
contradiction with the definition of ct. R)' Lerrms, 3.5, e ad.rnits a tlecorn-
position

(:u+,u
with ueC(n - o,e) and C (u)nO(n - o,e\: {0}. Wtr shall prove thab
both u, and.'zr are different to 0, whieh will contradict the fact that e i'g

disct'ete.
Tf a:0, then a:%eC (r - d-e).Or, C (u-oe)n R*'a: {0}.
Tf tr,: othen ( - D an<l thus C(e)nC(u-ue): {0}; Or, n - d.e <

< a < e, so that C (r - ae)cC(e).
Consequently e is an ertremc point of E.
The fact that, every extrt'me point is also a discrete element was

already remarked,. I

3.7 Tnnonnv. Let E be a Banach space enil,owed witlt' an AU-ord'er
relatdon 4. Then Ex .E consists preeiseQl of all norm'alized, disorete ele-
ments of E.

' Proof . We have only to proye that every normalized discrete ele-
ment d of l? is also an oxtrt'me poittt i'e.,

C(e) : R+ .e.

. T,or., nohice that ( induces on each finite climensional subspace
n' ol E an *AE-order relation (p given by

n 4t. U if and. onlv if .r and y belong to -F

and n4g1in n.

By l,cmma 3.6, C(e) O l? : R+'e. for every- finite dimensional
subspace -F which coniain,s e and thus C(a) is. indeed R*'d I:'It is perhaps of some interest to outline the connection with the
notion of ai extr6mal ray :,Int C be a facial cone and n e C, r * O. Tltoo
r is discrete if anfl only if the ray R*.r generated by o is extremal i.e.,

u - lQ.t, f (1'l)trwith u, oe C and 0<r<l implies u;1)e R+'r.

As an immetlinto cons€quonce we. infeir that every extreme point
.e e Ex -O is alsg an extre,me point in thb classical sense for' C n K where
'C is any facial cone containirig ar. The converse does not workl e.-g.r con-
sider the Euclidian plane Rs 

' 
endowed s'ith the . -E-order relation (o.
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Once the notion of an ( (-) extremepointprecised ib is importantto
know up to what extent the given Banach space -U is generateid by Ex E.
A remark above suggests to apply Choquet's extremal decomposition of
well capped cones. See fPhl, ch.11. Unfortunately, that elegant approach
does not cover all important particular cascs u'herre a nice decomposition
of 1,he given space is possible. \Ye shall prove instead an analogue of
Hilber-Schmidt Theorem rvhich brings together several types of finite
dimensional decompositions inclutlinglhe orthogorra,l and the latlice one.
See Theorern 5.1 belorv. In turn, our approach seems to leave out classical
results like Krein-lfilman Theorem.

The proof of Theorem 5.1 depends heavil]' on the finite dimensional
case treated belox' by using the clecompoSition method described in
Lernma 3.5; that case is covered also lly Llhoquet's theory. The remain-
der is a generalizatinn of the notion of a seif-adjoint operator and. will
tre presented in the ncxt secl;ion.

3.lf Lnulra. II Cru,nd Crare.facialcones sucht,hu,t Crc.C, and, Cr+C?
then, CrcFrCr.

Proof . Supposo thal, 1,he contrarf is true. Then exist an
aeC, and an r)0 srrch that 1),(n) f, 0rc. Ar.If z e Cr\61, and llall<r
then r*zeB,(r)nCrc0r. Since e', zeC, we have z 4nf z. bince
C, is hereditary, the last implics that : e Q, a contradiction. I

3.t) TnaonBu. Suppose thut dilllr E : n and, E is eniknneil uith an
AW-order relation 4. I'h,en, frtr each * e E lhere exi,st scalars d"17...1d.ne
e 10, ll r lll ancl 4- ertrenr,e points er, . . ., e,'e C(n) such, thtr,t

r:qth*...1xoe,.
Proo.f. The assertion is elear for' 

", 
an 

"*i"e-e 
point.

Suppose thal',0 f ExE and llrll :1. \il'e shall prove filst that
there exist discrete elements ./ such that .f ( ;r and J * 0. fn fact, by
Tremma 3.6 above there exist elements w.r a eOlO, irl\{O} sueh that AQr,) n
nC(o) 

= {0i. Jly ):emma 3.8, C(u) c }\' C(r)'anrl'tthus rlim C(*)'<( dim0(;r) ( z. Consequently in at rnost ra steps we ar,e lecl to a discrete
element/, withl, ( r andl, * 0. Put e, : frlllJrll and

ar : sllp {f.; le, ( ;r}.

!]aen e, e Fx -U and C(n-o.rer)n C(er) : C(n-afr)n ll*.e : t0].If-n-urq- is not discrete the process describocl abo.r,'e shouful be continued
with ,r, - qt?r instead of .r,. II'or ( : (r,2 Theorern 3.9 shows tha1, every rr in the,unit sphere
.of -D is a convex combination of extr,eme points. In fact, if

fi : &t€L+ ... * aren I )'

with or, ..;7 aa e C(u) a,nd a1, . .,,t &n ) 0 then bytn,C 2),

1: Ilrll : ll*rerll * ... + lla,e,ll: dr* ...# ao.

Since, eeD-x E n C(n) if ancl only if -eeEx n n,C\-n).
Theorem 3.9. inoludes the classical result due-to Caratheodory that"states
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that each point in the unit trall of an n-dimensional Banach space -is a
convex coribinaliorr of at most n f 1 cxtreme point,s. (In t;rrrn, Theo-
rem,lJ.9 is an ea,sy consequelloe of Caratheod.orl"s result).

It inclurles ztlso the follorving result clue to Yudin : I'lver.y finito
dimensional Barrach lattice has a basis forrned by atoms (zrnd thus it is
algebraic topologic and lattice isomorphic to a space Il";.

From Theorem 3.9 we can deduce easill' the fact that given an n X 12,-di-

mensional self-adjoint matrix -4 there exists an orthonormal basis of C"
formecl b;- eigenvectors of -4.

10

4. lEE (ItrNTRAT,IZER

As usualy, _u will denote a Banach spacc errdowed with an AE-
older relation (. We call associate to 4 an AU-ord"er relatinn on
i@, -E) (endowed ryith the farnily of all semi-norms 4 -+ llArll, reE)
by letting

A < B if and. only if At 4 B,r fot cvely r'

The centralizer associatetl to ( is clefined as the linear span Z(E)
of the facial cone

Z(E)* : tA; Ae L(8, E), 3 u 7 0, A 4 xIl1'

l{otations like Za(E) ana z)p1 are clestinated to precise that the
,4.-E-order relation undei stud-v is (, respectivel-v (2,'

As in case 4 : 4ut first stutlied in [4n]' - one can prove

that Ot Z(D) is an ordered' Banach algebra endorved with the cone

z\ill "idtir" 
,ror* ll lll associated to the strong older unit r.

&.I Tnnonnu. ae z(E) is algebraic isom,etric and arder i,somorph,ia

to a"in,nia llanach ntgebia'C(,S, Il), where S ilenotes tke Gelfanil spectrum

of ae Z(D)."Moretluer,l|||anittlteoperatori,alnorm,co'incideonTleZ(E).

Proo.f . By Proposition 2.5 ii),it suf'fices t9 prgrle that ll 11 antt ll ll'
coincide i" qIZ@f-Ecr,:let Ae'h"_V(E)^: C({,R) .and suppose that

" :liaff' : intll )o; e<M) >-0. lhen ior each e.eJo, a) there 3xist1'a 
lJ"et)ie Z(E) iuct-dnat il-< u (-r, Lt *.!, an AU Z (" - 'l L! > o

il".] t"_ "ii- < ia. since u *.0, there exists a:n n e -E such that . q :
:'b; * d. ttren (":;t u 4Ay', so ay. dp!)y (3;u) Ilvll <^lldull'
Co"'r.qir""ifr: ll.n li') o|"l. Th6' inequaiity' 1t.4ll < ll.4li, also follows

from /.-D 5). I
IIY Theorem 4.L,ReZ(E) is formed try self-adjoint operators provided'

o t- i'|..ill'tili b;;;"h-*-p'u"f- riecall thi't a bouhded linear operator /-
f,rid;;';';;plo* iiu"u-"rrspace .E i: **t4 to be .self-adjoinl (or .hermi-
;t"";"o,Iu.- id.d-il t" ii I i iur oiu"y f e R. That motivates the terminology

;'ii'2:t;;H-uu-lbittt'op"r'ators for ihe elements of fle Z(E)'
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^FvTlteort'rn4.1,theidempotentsof7,n(F})(thesocalled<.
!#Kifr!*.m 

proiectio*s) are prrleiserv tirose ;fid;i";s p e i (n, itl

P* 4 r for evcry ueD.
See fN2-NBl for details ancl comments.

. The 1-cugiqfram projections of .u constitute a Boolearr algebna ofp'ojections P< (z) ldenot[tt ilso by p(-D) whcn < i* 
""d"r*ood) if;;-p;

PVQ:P+q-pq
PA8:P8
P" : I-P.

i) Z@): Span P(U);
ii) P(X)) is a flad,e-co,mplete lJoolean algebra of projwtions.

4lzof . i) since the norm of -E is (-continuoas, z(E) is an order com-plete. c($)-space I _for, combine Theorem 4.1 with tn*'t"i-tn;t;;;;; i"_creasing pajorized let (A,), n z(D) is point-wi; 6t;-g"nt (necessarily
1'o its I.r-P..). trhen s t?* a basis oi ofuen--ctosed sets r"a trtliu bJ. " ""*;;tabove P(.8) separates the points of S-. fhe p"oof 

""Au-ni- 
Jppfyirs 

-St"";
Weierstrass Approximation Theorem.

ii) We have to show that for each net (p"L in p(-U), \7 p" and1P, exist in P(.o) and moreover

4il I

(V P") (D) : Span u P"(D)

(AP.) D: fi P"QX).
tr'or, it suffices to consider incr-easin-g nets.(p")"._Then p(n) :lim p"(n)
exists in the norm topology of E {or "rci iin-:p-",lrO bv _4_86)-p" < p < r for each-o. donsequenily F-_ Vp" io i t_il;,"d" pt0i"!: Span u P*(E).I

The resurt of Lemma 4.2 can be considerably improved and we shallstate here without pTool the existence of a one-to-6ne correspond.enoebetween .4-E-order relations and cornmutative ,lg"brr*. That motivatesthe attribute af comnwtatioe for our tneory 
"i ;;?;;*"lity. The detaitsare to be found in [N2].

4.s Tsnonnu. r'). sy,wose _t!,at @ nmm oJ E is mdn continuws.r.nm .z(p-) 1s a commutati,^ioon xeumain algebra'and, tielcanonical inalws'i'on iz z(E) -+ r'(8, D) maps w\-conoergeni nets imto wtconoergent nets.
" _ 0 swptltose that ,il is a commutat'i,ae a-on Naumann atgebri inelttdi
bE^ L(4, E)*such that tha aunontcat i,notwsi,on t., i _"-Z(ii)" E;"1;-"-;;;trffioJ uni,tal Banach algebras 'mapping w*-conoergent nets'into wuconrsergent
mets.

5-c. 1091
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I'lrcn there etristl &n Afl-orilar relat'ion 4s on E swch' tlml the norm

of E is 2"-ttml'i,nuttus''a'ntt Za(D) -^ "e '" ?recisely,

r 4s U if ated'ttnlyi.f n: As.fttr asuitable Ae il'0 </ <f

Theorderrelation(,aismaximalamongthosehaving.ly'asacen-
t'atrrzer.In fact, lt 7'<(E) - '4 t'ben

r 4aY imPlies * 4tt'

FewcommentsconcerningtheconnectionbetweenExEand"Z(E)
are in order. Every "*irlo*o 

poiit a g Dx -o is also an eigenvector to everJr

A e Z(E\. Con*equ*i,ti1-, it f,here exists an A e l(D) with no cigenvector
'til"-o"i*,b: o. b'ih;'rth;-[;od, it is possible'to find .igenvectors for

Z(E\ wdich arc not diScretc elernen'ts e'g'l consider the castr where -O is

frlibii"'iiiri#p6;" il;'? : "?" 
; i" tfiat case z(4 

= 
Il'r x'hile card

ii; E : t. A riice exception constitutes the ordel relation (7'

S. THE SPI'CTRAL DtrCOITPOSII'ION OF <-SIII'ILADJ()'N"'II,,N"'O*'

The classical F{ilber-Schmitlt Tlteorem states t,hat every self-adjoint

"o*o#'op"i:;;;il 
ili;s ; ;rg.iruert lpace rr rliagonalizes u'ith respect

to a suitatrr" o*tnooiilaTrr".i* to"*ed b'y eigenvectors i.e',.a atlmits a

representation, of the torm

(ES) An : I'1" (1, D,) ao.

;

If .qr' denolcs the von Neumann subalgeb."u of, L(H' Hl- generated

hv /. then the norm ii H"t- (tlcontinuous (ru is reflexive and bhus Pra'

;i-itilil.3 appliesl. Each tinit6 rank projecf ion

i a(") :^A 
o(r, 

a*) rx''

beiongs bo ,il a4d so'they aro' <t-Coooignam projections' Since (HiS;

yieltls ii

,, .. A- IroP'
1

in thp norm topology o! L(fl, H), *'follows that /''e O:. !:('-) ' ' :
, it is remarkable 'that the 'rwrilts above remain valitt' in jhe 'general

setting.

, 5.1 Hitbert-Sohmidt-Genora[zed. Theorem-' i') L2t E be a Bana'ch

sna,ae emituxed wdtn"'an:;n-;;i;;-;it"ttort 4 such tiat'the norm of D is 4-

;"#;*;;;r:"ilni*"p, e,)ery conn,act o,tiator A e frcZ(E) th*e eri'st u renl'

sanranne(ao), e oo ,id,;'{4;rI;i."<i"1" if iumatty a*iont.s;nite ranlt cun-

ndnghant proiections M' l) sucn t'nat

An:\ dnPn(u) for eoerY n e E'



13 I'XT}:N,SION OI' IIIT-'IjEIIT-SCHMIDT TH}:OREM

.i.i) c.onrtuselu, euery_ operatnr A e.L(E. E)'uhidt, ailm,its sttch n t'epre-
sentation is corttptact antl bclongs to rtc Z(E).' '

_ __Protf. i) The non-trivial case is rvhen -zl * 0. Notice first that U < Va3d 7 9on1p1crt imply Uiq compact, too. fn faci, for each sequence (no)^of
elements of E u-rr have-fl(er,, - {t). ('tr'(r,,-a,, jand thus lit/e,* -b'il'lt<( lj 7.i'", - Vt', t, for ull tn, n e li*.

_S_i_nee A*, -A_, < ,{ wemaS' rest,rict ourselves to the case whereA e Z(E)*.
sinae z(E) is order complete,,4 is lhe uniform limit of sums of the

fl4

form I orrPi n'ilh (, < I aiPi { A and ai >- O for ever}- i. Then
1i:l t:l

l,here exist scalars I > 0 and finite lank cunnrgham projections e +.s
s-uch l,hat 

^Q 
< a._ The image _of Q is an invar-iant sribs.fiace of .-i. and

thus the argument above shoxrs that AQ : I ro0" for suit-able e, ep(E))
Q" * (l and ).o ) 0. Consequently the,re eiist' scalars a > 0 aiiA tiniterank Clrnnigshq,m projections _P t O such that A p : ap ; clearly,
a, go(-4)\{0}jand we oan choose P to be maximal with this propeity, Sin6dn is com$aci, carrl-o (1!) <-xo and thus the set (",,, f,i, ut-;li-il;"h pil;
is at most countable. !1'e shall show that

i1 : \ aopu

is thti desired decomposition. {n fact, the projections p* are muguplty
disjoint and I xoP* : sup aoP, < -{ because 

*-E 
has ord"* contiiriious

norm. Put B : A -L.aoPo. Then B 
= 

A(I -Q) where e: V poi
B is compact' and nerongslo?tal.. rr end thl p"66t o't 14 *u must show
that, B: 0. Ilorr use the argument above in ci,se B * O to contradict
the maximality of the Pjs.

ii) rt suffices to show that if a admits ^ reprrsentation
Au : \ a"p"(u)

*itn (f:l, e(6d-* then .4. :l,noP, in the norrn topology. Or, by ADS)
amd AE 4), above,

ll " rl

llo, - X crrPrrll:ll 
oF": 

alPloll < (supa*).llcll

for every ru e N* and. a e D. t
Notice that under the,hypotheses of fheorem b.l i) if .4.e qaZ(E|

admits a representation

a:\nnp,

with all P, + Othen o(,{)\{0} : {do1a, # 0} and

ll/ll : sup-la,l : r,p(/).

By combining Theorem 5.1 with Theorem 3.9 above we obtain the
following: t.
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5.2 Oonor,r, tnv. Itel' A be as in llteorem' 5.L. Th'en'

Inr -4 : Span [(Im,4) n (Ifx Z)]

In other words, Im -4 is generated
The following result arised- during

b.l- its extreme points.
conversations rvith M. Joifa.

5.3 Tmronnw.. Let, E be a Banach space endoweil with an Au-ord'er

relatdon < suctt, that tke not"m of E i,s 4-continuuus. Then am operator'i"i 
w- Zp) is nuclear i,f anit oniy i,t i,t a'dmi'ts a re'presentati'on

An:\rx*p*1uy,reE

u;ith (L),e co, (P)neP(D), P* A Po:o for m f n

afid

I lL,l'oim P.(E) ( oo.

The classical l{ilbert-Schmidt fheorem covers all orthonormal

""p*ioo* 
because ever.I 6ftftrsnormal basis (eo)o of ,a }lilbert-PpTe.E

"oi 
U" 

""grrded. 
as a funhamental system of eigenvectors of a self-adjoint

compact 
-opera{or il e L (E,H)."'^^''ii'i*-i,r"irr*nit" to precis'e the type of decomposition Theorem 5'1

yietAs. 
-For, *" 

"eeA 
the f6llowin_g- {diirition generalizing the notion of an

irr"*aitirial basis :-gy 
^ou*tanii*i,onal 

d,ecomposi,ti'ry oja" B?nagh space 'E
*" -"*o any sequen i'e 1E*1, of closed 'subspaces of 'E such that every

i e E has air unique representation of the form
o

n:ltn*
U:l

with aro e Eo fot eacl- n,

the series being uncond"itionally convelggnt;-jt ir1 add.ition dim -E' ( oo

ior all m, (E,lo"is said to be ai uneonil{ti,onalty fini,te dimensional ilecom-

i*tto*''tVvDn\-of. Ei. Under the above nola$o1' ^t'he-lattice 
aonstamt

+;i@;1" oi an un6ondiUoo*t decomposition (&'), is dofined as the smallest

C >/ o such that

llE --li 
- 

" ll,E, 
u-*ll

for all'scalars lar | ( l9o l, tu € {1, . . ., m\,, ?.'- NT:
Even nicb Space! iii." C'td,f l ir,nd ,110,]l f.ail to have an UIDD.

The best can tre *i,iJrt presenf,about a space'having a2..IIDD is that it
i* i*o*o"pnic to a *t *fr"" of a space w"ith an unconditional fuasis' See

[IrT 11, p. 5f. , r _

a more caretul look at the proof of Theorem 5'1 yields the following

5.4 PnoposrrroN' Let A be as'in Th'eorem 5'1' Then

n :E-'A €l Ker .a
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is an uncond,itional ilecomposition, of Lattice constant L anil,Im 4 ailmits un
UFDD ol lattice olnstant L.

1\'e shall show that via a renorming process all complemented sub-
spaces having an UX'DD arise in this wa"y.

Let X be a closed subspace of a Banach space -D and suppose that X
admits an UIDD (X")" and there exists a projection P of E outo X. Con-
sider also the canonical projections P* i n ---> fi,, of X onto )f.. Then -E
can be renormed tr.v

ljl r lji : sup { li\ n"P"Pe:ll{ liu-Pn ll ; i ", | <1, raeN*}.

On ("D, lll lil) consider the -A-U-order relation ( given by

n < E if and only if PoPn : }r"P"Py and

(I-P) n : lt(I-P) y for suitable scalars

),o, ). € [0,1] and m eN*.
Under the above renorming, tlne anDD decomposition (2,)" of n

coincides with that produced (via Proposition 5.3) by the operator

.4.:fr J- p,7'.
ilr n2

Receioed Aptil 19, I9E8
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